Chapter 5 Integration

Section 1: Summation Notation and Approximating Sums

In this section, we examine how to find the exact area under a curve.

Suppose we wish to find the area under the curve f(z) = 2z froma =0 to b = 2. This

areaisthe shaded region in the figure below. We will do this by approximating the area
using rectangles.
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|Examp|e 1: Approximating Areas

Approximate the area under the curve f(z) = 2z from a = 0 to b = 2 using:
a) 2rectangles
b) 4 rectangles
C) 8rectangles
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There is no reason to stop this process with 8 rectangles. Our goal isto expressthe areain
terms of n rectangles and to then let the number n go to infinity. The resulting limit will
give usthe exact area.

|Examp|e 2: Approximating Areas

Express the area under the curve f(z) = 2z from a = 0 to b = 2 using n rectangles.
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Summation Notation

In order to evaluate sums of this form, we will first need to discuss several important
results. We now introduce and develop a compact notation that is useful for expressing
and evaluating sumsinvolving alarge number of terms. Consider the sum

1+2+3+4+45+4+6+ -+ (n—1)+n

where n isany positive integer. In our new notation, this can be written in a convenient
manner as

14243+ +(n—1)+n=> i,

i=1

where i iscaled theindex of summation. The index of summation tells usto begin the
sum at avalue equal to the lower limit of summation (here, < = 1) including al the
integer values up to and including the upper limit of summation (here, i = n).

|Examp|e 3: Using Summation Notation

Expressthesum 2 +4 + 6 + 8 +10 + 12 + 14 4+ 16 using summation notation.

Solution:
8
24+4+6+8+10+12+144+16= ) 2k,

k=1

Notation: Let z , z,, z,,..., 7, beaset of n rea numbers. Thesum z + z,+ z,+ --- +
z, will be denoted by thesymbol » "z or »"" =z, whichisread “the sum of = sub i
i1 o

as ¢ goesfrom 1to n ”. The specific choice of letter used for the index of summation
does not change the value of the sum; we will oftenuse i, j, and & interchangeably. The

following sums are equal:
D= i=k
i=1 j=1 k=1
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|Examp|e 4: Using Summation Notation

Express the following sums using summation notation.

a) 34+6+9+124+15+18+21+24

b) (B-1+1)+(3-2+1)+(3-3+ 1)+ +(3-n+1)

) (21 +1)+(2-2° +1) 4+ (2-n +1)

|Examp|e 5: Evaluating sums

a) 23 c) iQk’Q
b) i?;z‘ d) i(kﬂ + 3k)

e) Can you think of a simplification to make when finding the sum in d)?

Which basic properties of real numbers must you use?

Sec 5.1 Approximating Sums and Sigma Notation.doc 11/19/2008



Theorem: Facts about summation notation

n n

1. g cr, = cg T,
k=1 k=1
n

2. D (@ +y) =D 5 + Dy,
k=1 k=1 i=1
3. Zxk+ Z xk:Zxk,aswminglgm<n.
k=1 k=m+1 k=1
4, Zc =cn
k=1
n 1
P 2

=~
I
[@p)

7.3k = [Zk] _ [Wl +1>]2 _n'(n+1)

2 4

|Examp|e 6: Evaluating sums

Find the following sums:

40
a > k
k=1

50
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n

& > (3K +2k+7)

k=1

f)

9) n1[7_"j+3_k+2J[§J

|Examp|e 7: Approximating Areas

Express the area under the curve f(z) = 2z from a = 0 to b = 2 using n rectangles and
find aclosed form for the sum.
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Sigma Notation for Approximating Sums

Thetypical approximating sum for any function f and any interval [a,b] in the domain
of f can beformed by first partitioning [a,b] into n intervals such that
a=z, <z <<z <z,=b.
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¢, isthe sampling number in the kth rectangle

Then a sampling number ¢, is chosen from the kth interval, the function f is evaluated at
each ¢, and finally the approximating sumis formed:

fle)(@ —z)) +...+ fle) (@, —z,) + + fle,)(z, —z,,)

Insigma notation, thisis Y _ f(c, )z, —z, ) =Y _ f(c,)Az, , where Az, =z, —z,_ . If
k=1 k=1
the intervalsin the partition are equal, then the width of each rectangleis
b—a
Az, = Ax = .

g n

If the intervals are chosen to be equal and the sampling number ¢, is chosen to be the
right-hand endpoint of each interval, then ¢, = a + kAz . If theintervals are chosen to be
equal and the sampling number ¢, is chosen to be the left-hand endpoint of each interval,
thenc, = a + (k—1)Ax.
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|Examp|e 8: Approximating Sums

Find the approximating sum Z f(c,)Az, for thefunction f(z) =22 4 5 ontheinterval
k=1

0,1].

Solution:
Use the right-hand endpoint for the sampling number. Use the properties of summation

notation to find a closed-form in terms of = .

Since ¢« = 0 and b = 1, thewidth of each rectangleis
Ag= b—a 1-0 1

n n n
The sampling number is given by
1 1

¢ =a+kAr=0+k—=—k.
n n
The height of the kth rectangle is given by
fle,)=2c, +5 = Q[lk]+5:zk+5.
n n

The approximate area is given by the sum of n rectangles:

n n 2 1 n 2 5
c Az = —k+5[— = [—k—i——].
;f( AT, ;[n n ; n? n
Simplifying the sum, we get
n n 2 5 n 2 n 5 2 n 1 n
Zf(ck)Axk = Z[—zk—f—— = —2k’+ - = — k+— 5
k=1 k=1 n k=1 T =1 1 n = n =
2 1 1
= 2nntd Ly on j”+5:[1+—]+5:6+—.
n 2 n n n n
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|Examp|e 9: Approximating Sums

Find approximating sumsfor f(z) = 2z + 1 ontheinterval [0,4], and find a closed-form
expression interms of n for the sum. Find the exact area by taking the limit.
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|Examp|e 10: Approximating Sums

Find approximating sumsfor f(z) = z* ontheinterval [0,2], and find a closed-form
expressionintermsof n for the sum. Find the exact area by taking the limit.
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