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Calc Il Integration Review Spring 2006

Please show all work neatly on this paper.
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Let u=sinx
then, du = cosxdx
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Thisintegral is easily recognizable as...
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=Inju/+C
=Insin(x)+C
(Not surewhether ABS value notation is needed?)
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Let u=cosx
then, du=—-sin xdx
—du = sin xdx
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Let u=Inx

Then, du= 1dx
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Then, du = 2xdx :—%u‘3+C

1

Edu: Xolx =——(x2+7)7 +C

. . 1
or, if youlike..-—————+C
6(x2+7)
sin zdzx 1
19. =—|—du
f COSQ.’IJ J.LI2
:—Iu’zdu
u—l

Let u=cosx :——1+C

Then, du=-sin xdx
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Just for fun let’scheck thisone: d—(SeCX+ C)
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20. fez cose’dx

Let u=¢
Then, du=e*du
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Let u=3x+7
Then, du =3dx
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Let u=3x+5

Then, du = 3dx
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Let u=1—+/x
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Let u=Inx

Then, du= 1dx
X

o5 flnx

Let u=Inx?

Then, du= gdx
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=snu+C
=sin(Inx)+C
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Let u=ax+b
Then, du = adx

1du:dx
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2 1du
7 e “alE
Let u:ax+b—>x:uf;b So, we have xé = ¢ ;Zb)z
Then, du = adx
1du:dx
a
Integral continued here: (u _ZUb"‘ sz
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Since we've changed variables, we' |l change our limits. We do this by evaluating u using our original
limits.
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) 1 1
Then, du = sec” xdx =—_=
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Once again, let us change our limits:
tan X
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4
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34. Differentiate f(z) = f1 "dt

f/(x)=x"

35, Differenticte f(x) = [ v di
. xTr) = . t4
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36. Differentiate f(z) = f T Pt
0

f/(x) = y1+(sinx)’ (cosx)

37. Differentiate f(z) = [ sin® 2tdt
Need to flip theintegrdl...

:—jsin3 2tdt
15
f’(x)=sin®2x%«2x

=-2xsin®2x?

38. Differentiate f(z) = "t tan tdt

2z

0 3x
f(x)= —J' X tan xdx + J. xtan xdx
2x 0

f’(x) =—2(2x) tan 2x+3(3x) tan 3x
=—4xtan 2x+ 9xtan 3x



39. How often should a machine be overhauled? This depends on the rate f(¢) at which it

depreciates and the cost A of overhaul. Denote the time interval between overhauls by
T.

T
[A + f(t)dt}
a) Explain why you would liketo minimizeg(T') = OT :

We want to minimize the overall cost of the machine overhauls.

b) Find-2Z |
T

T[ f (t)]{m} f (t)dt}

0

T2

c) Show that Whenj—; =0,f(T)=g(T)

T[f(t)]{mlf(t)dt}:o

A+} f(t)dt

() =—2—=g(y

T

d) Isthisreasonable?

Sure, why not?
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(fog)@ | f(g@)g @) ff’(g(x))g'(x)drc u-substitution: Let g(z) = u,
then

:ff'(u)du

Antiderivatives
Definition: An antiderivative of the function f isany function F for whichF’ = f. An
antiderivative of the function f isdenoted f f(z)dx .

Theorem: If F' isan antiderivative of thefunction f on an interval I, then the most

general antiderivative of f on I'is F(z)+ C where C'is any constant.

Properties of the antiderivative:

1. Theorem 1: If F and G aretwo antiderivativesof f on an interval[a,b], then there
isaconstantc, suchthat F(z) = G(z) + ¢
2. Theorem 2: If f and ¢g aretwo functions with antiderivatives ff(:c)dx
and f g(z)dx , then the following hold:
a) f cf(x)dx = ¢ f f(z)dz for any constantc .
b) [[f(@)+ g@)]dz = [ fla)dz + [ gla)de .
o [[f@) - g@)dz = [ f()dz — [ glx)da.

Application

If the acceleration of an object at any time is known and the initial values of the objects
position, s(0), and itsinitial velocity, v(0), are known, then the objects position at any
time can be found. Thisistrue since:

If s(t) isgiven | If a(t) isgiven
then, then,
o(t) = s'(t) v(t) = at + v(0)

a(t) = v'(1) s(t) = ag +v(0)t + 5(0)




Notation: We agree to write F(b) — F(a) as F(z)| .

Terminology: In the definite integral fbf(x)d:c and in the indefinite integral ff(a:)dx,
f(z) iscalled theintegrand.

Theorem: The First Fundamental Theorem of Calculus. Suppose f is a continuous
function defined on aninterval [a,b] and also that F' isan antiderivative of f (so

F’ = f), then f f(x)dz = F(b) — F(a).

Theorem: The Second Fundamental Theorem of Calculus. Let f be a continuous
function defined on an open interval containing the interval [a,b]. Define

G(z) = ff(t)dt for a <z <b.Then G isadifferentiable function on [a,b] and its

derivativeis f, thatis G'(z) = f(z).

Corollary: Suppose f is a continuous function defined on an interva [a,b]. Then f is
the derivative of some function.



The Definite Integral

Definition: The definiteintegral of afunction f over aninterval[a,b]. If f isafunction
defined on an interval [a,b] and thesums > f(c,)Az, = z f(e.)(z, — =z, ,) approach a
k=1

certain number asthe length of al theintervals [z, ,,z, | shrl nk towards O (regardless of
the choice of ¢, ineachinterval [z,_,,z,]), that number is called the definiteintegral of
fover [a,b].

Lbf( dr = hme

n—oo

The sum on theright-hand sideis called a Reimann sum.

Interpretations of the Definite Integral

b
1) Areaof aplaneregion: Areaof S = ff(a:)dx where f(z) isthelength of across

section of S

. . The area of atypical
i ! rectangleis

fle)(x, -z )

2) Massof astring: Total Mass = fbf(x)d:n,where f(z) isthe density of the string at

the point x
3) Distancetraveled: Total Distance = fbf(t)dt where f(t) isthevelocity at time ¢



4) Thevolume of a solid region: Volume of S = fbA(:z;)da; , Where A(z)isthe cross-

sectional areaat x
5) Work: If an object moves along a straight line by aforce f(z) that varies

continuously, then the work, W, done in moving the object from z = a to x = b is

W = f;b f(z)dx
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