Section 2 Integration by Parts
The Derivation of the Integration by Parts Formula
The technique of integration by parts comes from the formula for the derivative of a product:
[rg)] = £ (g + g @)
If we integrate both sides of the equation and use the fact that
[[f@) + g(@)] dz = [ f(x)dz +[ gla)dz,

we have

[[r@e@]dr=] fg@d+| f(x)g'x)dx

S = [ f1(0)gx)de+ [ f(x)g (x)dx

Subtracting J.f'(x)g(x)dx from both sides gives

[ 08 )dx = f(x0)g(x) = [ f1()g(x)dx

If we let u = f(x)and dv = g'(x)dx, then du = f'(x)dx and v = g(x) and the integration by
parts formula can be written in the easy to remember form:

Iudv =uy —jvdu

By making the appropriate choice for u and dv we can write certain integrals in this form.

As a rule of thumb, you might want to use the acronym LIPTE to remember which function to
choose as u. A good choice for u is the type of function that appears first in LIPTE.

Logarithmic

Inverse Trigonometric
Polynomial (algebraic)
Trigonometric
Exponential



Example 1: Integration by Parts

EvaIuateJ-xsin xdx using integration by parts.

Solution: Choose u =x and dv =sin xdx,
then du =dx and v=—cosx.

The integral then becomes
Ixsinxdx =-XxCcosx —J.—cosxdx =-xcosx+sinx+c

Example 2: Integration by Parts

Evaluatej‘ln xdx using integration by parts.

Example 3: Integration by Parts

Evaluate J.xz In xdx using integration by parts.

Example 4: Integration by Parts

EvaIuateJ.x2 sin xdx using integration by parts.



Example 5: Integration by Parts

Evaluate J- xe2x dx using integration by parts.

Example 6: Integration by Parts

2

Evaluate | x e_3x dx using integration by parts.



Example 7: Integration by Parts

EvaluateJ-ezx sin xdx using integration by parts.

Example 8: Integration by Parts

Evalua’[eJ-tan_1 xdx using integration by parts.

Exercises:

a) Icosxc0s2xdx c) '[(lnx)zdx

d) |cosxIn(sinx)dx
b) '[xsecz xdx ‘[



Definite Integrals and Integration by Parts
To compute definite integrals with integration by parts, we start with the derivative of a product
formula once again but take definite integrals on both sides:

j;b [f(x)g(:r)]/ dx = j;b f'(z)g(x)dx + f: f(@)g/(z)dx

f@e), = [ @@z + [ g @)

It follows that

j;b f(I)g/(I)dI = f(I)g(I)i — j;b f’(fv)g(a;)dx

b b b
In udv form, we have I udv = uv|a —I vdu .
a a

Example 9: Integrating a Definite Integral by Parts

2
Evaluate L x? In xdx using integration by parts.

Example 10: Integrating a Definite Integral by Parts

10
Evaluate L In xdx using integration by parts.



Example 11: Integrating a Definite Integral by Parts

I
Evaluate jo xsin 7&xdx using integration by parts.



Integration by Parts — The Tabular Method

There is a shortcut method for calculating integrals that involve repeated use of integration by
parts. The method is referred to as the tabular method since it involves creating a table.

Example 12: Integration by Parts Using the Tabular Method

Integrate Ix sin xdx

Solution: Choose u =x and dv =sinz,

Make a Table -
u dv +1
X sinx +1
1 -COSX -1
0 -sinx ]
—

A
Differentiate IntegraTe

Multiply across the diagonals as shown. The answer is then

J.xsinxdx = —gcosz +sinz +C

Don'’t forget to add C!

Example 13: Integration by Parts Using the Tabular Method

Integrate IxS In zdz using the tabular method of integration by parts

Solution: Choose u = Inz and dv = z°,

u dv 1
Inz gj3 +1
1 2t -1
T 4

st In zdx = lx4 Inz —jl$3dx
4 4



Example 14: Integration by Parts Using the Tabular Method

Integrate IxQ sin zdz using the tabular method of integration by parts

. — 2 —
Solution: Choose © =z~ and dv = sin z,

u dv +1

7 sinx &

2% [ =cosx -1

2 ~=Sinx +1

0 [—cosx — -1
+1

IxQ sinzdr = —x° cosx +2zxsinz +2cosz +C

Example 15: Integration by Parts Using the Tabular Method

Integrate IxQ sin zdx using the tabular method of integration by parts

Solution:
u +1
sin x +1
Ccos T -1
-sinw o +1
T Ty -1
\t1

fe“’ sinzdr = e sinx —e” cosz — f e’ sin zdz

2f e'sinzdr =e"sinz —e” cos

. 1., .
fe‘ sin zdx = EeJ‘ (sinz — cos ) +C




