Section 7 Review of Parametric Curves

Definitions: Let fand g be continuous functions of ¢ on an interval I. The set of
all points (z,y) wherez = f(t)and y = g(¢) is called a plane curve. The variable ¢
is called a parameter and the equations defining x and y are called parametric
equations. A pair of parametric equations is called a parameterization of the

curve.

Example 1: Graphing Parametric Curves

Sketch and identify the curved defined by the parametric equations
r=t"—-2tand y =t +1

Definition: If the parameter ¢ is defined on an interval a <t < b, then the curve

z=f(t), y=g(t), ast<b
has an initial point (f(a),g¢(a))and a terminal point (f(b),g(b)).

Example 2: Identifying Parametric Curves

What curves are defined by each set of parametric equations?
a) r =cost, y=sint, 0<t<2mr

b) x=sin2t, y=cos2t, 0<t<2m



Example 3: Graphing Parametric Curves

Sketch the curve with parametric equationsz =sint,y =sin’ ¢ .

Example 4: Graphing Parametric Curves

Sketch the curve by using the parametric equations to plot points. z =¢™ +¢,

y=e¢ —t, 2<t<2

Example 5: Graphing Parametric Curves

Sketch the curve by using the parametric equations to plot points. Indicate the
direction the curve is traced out by using an arrow. z =t>, y =6 —3t.

Eliminate the parameter to find a Cartesian equation of the curve.



Example 6: Finding Cartesian equations of Parametric Curves

Eliminate the parameter to find a Cartesian equation of the curve.

—_ t — -t
rT=e,y=e

Example 7: Finding Cartesian Equations of Parametric Curves

Eliminate the parameter to find a Cartesian equation of the curve.

xr =4cosb, y=5sin9,%-[£9£§



Tangents to Parametric Curves

Let fand g be differentiable functions of ¢ on an interval I with z = f(¢) and
y = g(t). The tangent line to the curve defined by these parametric equations is

found using the chain rule. Assuming y is also a differentiable function of x, we

have
dy _ dy v
dt dr dt
dy
Solving for @, we see that dy = b, long as dx £0.
dx dr  dz dt
dt

Example 8: Finding the tangent line to a parametric curve

Find an equation of the tangent line to the parametric curve x = 2sin 2t

y =2sint at the point (+/3,1). Where does the curve have horizontal tangents?

Example 9: Finding the tangent line to a parametric curve

Find an equation of the tangent line to the curve with parametric equations

x =tsint, y =tcost at the point (0,-77).



Area Enclosed by Parametric Curves

b
The area under y = F(z) from a to b is given by A = f F(z)dz . If the curve is

defined parametrically by the parametric equations = = f(t)and y = ¢(t) with
a <t <[ and the curve is traced out once as x goes from @ to [, then the area

can be found using

A= ' ydz = ) "o (t)dt .

Example 10: Finding the Area enclosed by a Parametric Curve

2 2

Find the area enclosed by the ellipse x_2 + ‘Z—z =1,ab>0.
a

The ellipse has parametric equations * = acosf, y = bsinf. We use symmetry

a 0
to get A = 4f0 ydr = 4f/bsin O(—asin0)dO = abw
7

Example 11: Finding the Area enclosed by a Parametric Curve

Find the area under one arch of the cycloid z = (0 — sin6), y = r(1 — cosf).

Solution

2mr

A= . ydr = fOQﬂ r(1 — cos@)r(1 — cos)dd = 3mr’



