Name Test 1 Calculus 2 Mike Huff

1. f dx—f Adaz—i—f—daz
8I-‘r 8x—|—
_3 L 8
: —d:p Let u =2 — 8z +1,then du = (22 — 8)dx .
5 2 Vot — 8z +1
:§x53+flui%du—3 A’ /+C
5 2 5

:%x%+<x2—8x—|—l>%+0—3 2342 — 8z +1+C

2. J.tan3 3z sec’ 3zdx

Method 1: Using u-substitution: Let v = sec 3z, then %du = sec 3z tan 3zdz .

Then, J‘tan3 3z sec’ 3zdx

= I tan® 3z sec® 3z sec 3z tan 3xdr = I (sec2 3z — 1) sec® 3z sec 3z tan 3zdx

. 6 4
=%I(u2 —1)u3du:%-“(u5—u3)du=l(u——u—]+0

1(sec®3z sec'3z
== - +C
3 6 4

Method 2: Using u-substitution: Let v = tan 3z, then %du = sec’ 3xdz .

Then, J‘tan3 3z sec’ 3zdx
= JsecQ 3x tan® 3z sec’ 3xdr = I(tanZ 3z + 1) tan® 3z sec” 3xdx
1

6 4
:%I(ﬁ +1)u3du =%J-(u5 +u3)du =§(%+uzj+6'

6 4
_ 1(tan 3z 4 tan 3xj+0

3l 6 4



3. Isin 2z cos 2zdx

Method 1: Using u-substitution: Let © = cos 2z, then —%du = sin2zdz .
Then,

2

2
J-sin2sz:(3052xdx = —ljudu = —U—+C __cos 2z
2 4

4

+C

Method 2: Using u-substitution: Let « = sin 2z, then %du = cos2zdz .
Then,
) 1 u?
J‘sm3a:cos3xdx = —Iudu =—+(C=
2 4

sin® 2z

4

+C

These two answers are actually the samel!

4, J‘tan_1 de
2

Useintegration by partswith « = tan‘lgand dv = dz so that

1 1

dqu sdr =
1+(z
2

2 ~dr and v = z . Then,
4+ z

4T 2x

jtan_lzdaz =ztan —— 5 dzx .
2 4+

To integrate thislast integral we first use long division to simplify:

jtan_l gdx = ztan™ g -In(4+2*)+C



2

T
5 [2 4
f\/2+3x v

Method 1: Use u-substitution. Let v = 2 + 3z, then %du =dz, and

2 2
= [u — 2] _y—dutd Upon making this substitution, the integral

3 9
becomes
x’ 1 pu? —4u+4 1 3 1 1
——dr=— | ——du = — (u2—4u2+4u 2)du
f«/2+3a: ! 3f W 27f
L % 8 9% %
=—|=(24+32)? —=(2+32)2 +8(2+3x)2|+C
2715 3
) . . 1
Method 2: First, use integration by parts. Let v = z?and dv = ———dz , then
= yP N2+ 3z

du = 2zdx and v = 2\/2 + 3z . Thisgives

z? 2 4
— _dr =222+ 3z —= | 22 + 3zdz
f\/2+3:1; 3 3f

Then, use integration by parts again or use a u-substitution.

6. f (Inz)’dz

Useintegration by parts. Let v = Inz and dv = In zdz, then du = ld:z: and
X

v = zlnz — z . Theintegra then becomes

f(lnx)de = z(lnz)’ —xlnx—f(lnx—l)d:p
=z(lnz)’ —zlnz —zlnz + 22+ C = z(lnz)’ —2xInz + 22+ C



& fx2+2x—l—5

Complete the square in the denominator to get f +d2 5 f ( +61l§; e
:IZ X X

Now, divide numerator and denominator both by 4.

f dx -~
2 — )72
(z+1)"+4 4 [x+1] 1
2
, then 2du = dz . Wethen have

= f1+u 1tan U

r+1

Use au-substitution. Let v =

_f x+1
.

Upon placing = back in, we get

f—2 dz :ltan_1[$+1]+0
T +2x+5 2 2

8. J.cot z[In(sinz)]dx

COSZT
dx = cotzdzx .

First, use a u-substitution with v = In(sin z) sothat du = —
ST
2

Then, we haveJ. cot z[In(sin x)]dx = J.udu = % +C.

[In(sin z)]’
2

Therefore, Jcot:v[ln(sin z)|dz = +C

0. I 5z” + 20z + 6 Using partial fraction decomposition, we have

sc+1
W:é+ B 5. Thisgives A=6,B=—1and C =9.
z(z +1) r x+1 (z+1)
Thelntegralthenbecom%'[wd :I 6__1 + ) > dz . Findlly,
(z+1) r z+1 (z+1)
we have
2 6
Ide:61n|x|—1n|x+l|— ) +C =Inl2— - )
z(z +1) r+1 z+1] z+1




3 3;'3
10. —dx

0 Jz* +9

Method 1: Use a u -substitution with v = 2> + 9. Then, du = 2zdz , so that

%du = zdx . After making this substitution, we have

f '—:1: 5 :—flgu_ —%ng(u%—mt%)du.

Integrating this last integral directly, we have

18

2 %—18u% .

lflg(u%—911,_%)6111,21—u
2J9 213

Evaluating, we have

lu% — 9u% .
3 9

9/

?/_9/]18 183/ 9.18% _

9

99/]

[

:9-24—27-2/2—(9—27):9~2%—27~2% +18 =18 —9V2

Method 2: Trigonometric substitution with = 3tan f and dx = 3sec’ 0d6 . Noting
that, as x goes from 0 to 3, 6 goes from O to % , the integral becomes

3 g’ 7 27tan’ 0
= _dr = - 7
L Eme ) Bavess

= 27‘/;/41:3,113 0 secOdl = 27J;Ata1f12 0 tan fsecdd = 27];4(5%2 0 — 1)tanﬁsec 0do

7,27 tan® 0 .

3sec’ 0dl = f 3sec’ 0do

o 3sech

Now, let u = secf, sothat du = sec tan 8df . Changing the limits of integration, we
have

:27£ﬁ(u2 —1)du =27 L

Ly
3

V2

f f——+1_18 92




2
1. [ vie +9 5
T

Use trigonometric-substitution with 42> = 9tan® 6 or z = gtan 6. It follows

that dz = %secQ 6d6 . Using this substitution, we have

f \/490 + f\/9tan 0+9 2 2odo =8 fsec

[ tan’ 0 tan®
2
cosf |
= fsm—dﬁNOW et u =sind. Jaz +9
2X
:_f _ _ 8
27u 27 sin’ 6 0
3
Ginf = 2%
8 (42® +9)% Vdz* +9
= — 3 +C:—27—3+C
T

Jaz® +9

27[ 2




12. foo (1—2z) "dx
1

First, split the given integral into two improper integrals:

j;oo(l —x) 'dr = j:o e "dr — flooxeﬂda:

Evaluate the first integral using the u -substitution « = —z and du = —dx

b
. —x . _x1b . _
lim | e “dz = lim [—e ‘L] = hm(—e b
b—oodJ 1 b—o0 1 b—o00 e

Evaluate the second integral using integration by partswith « = z and
dv=-e ‘dzxsothat du = dzr and v = —¢*

00 b b
_ . _r1b . _
f ze “dr = hm ze "dx =lim[—ze Z]l +1lim | e *dz
1 b—00 1

b—oo J 1 b—00

+lim[—e ] =

b—o0 e b—o0

—be" + 1
e

= lim

b—o00

We use L’ Hopita’srule to find the limit:

—1
b—00

e

lim —befb] — lim|—

b—00 b—oo| e

o0 —T S o0 —T 0 —T _l_g__l
Therefore,j; (1—2z)k dx—j; e dil?—j; ze dx—e s
7 ain®
13 fﬁssm xdx
0 Jcosz

Using a u-substitution, let u = cosz , then du = —sin xdx . After making this
substitution, we have

f% sin® zdx f% sin® z sin zdz f% 1 — cos’ »77 sin zdx
0

Jcosx Jcosx Jcos

%1— % -

S B I FO

_ M_zu%r :z_z_zﬁgﬁ’
50y 5 N2 5V2

:__ﬁ+£:§—%wo2564971157

20 5




14. This question has two parts:
a) Prove thereduction formula:

n—1 :
cos" "zsinz n-—1 5
f cos"zdx = + f cos" " zdx
n n

Using integration by parts with « = cos" ' z and dv = cos zdz , SO that
du = —(n —1)cos"* rsinzdz and v = sinz , we have

fcos"a;dx =cos" ' xsinz + (n —1) fcos"_z’ zsin’ zdr (1)

The last interval on the right-hand side can be simplified using trigonometric
identities.

f cos"? rsin’® zdr = f cos" <1 — cos’ x) dx = f cos" > xdx — f cos" xdx

Putting this expression back into (1) in place of the last integral, we have
fcos"’xdx =cos" ' zsinz + (n —1) (f cos" > xdx — fcos" a;dx)

f cos" zdx = cos" ' xsinz + (n —1) fcos”’_2 zdx —(n —1) f cos” xdx
Adding the integral on the far right hand side to both sides, we have

nf cos” zdx = cos" ' xsinx + (n —1) f cos"” xdx .

Now, divide by n and the reduction formula has been proved.

n—1 .
cos" xsinz n—1 5
f cos" zdx = +( ) f cos" “ xdx
n n



15. The work done against gravity in propelling an object with mass m kg to an altitude
of h m above the surface of the earth is given by

6.37x10°+r G M ..,
W = E dr

6.37x10° r?

where 6.37x10% mis the radius of the earth, G ~ 6.667 x 10" "'N - m? /kg*, and

M, ~ 5.90 x 10* kg isthe mass of the earth,

a) Find the work required to launch a 1000-kg satellite vertically to an
altitude of 1000 km.
b) The formula shows that the work is dependent on h. Show that

~  GM,m , .
f ——dr isconvergent.
6.37x10°

Solution: a)

| first find the antiderivative and then evaluate the expression for the given values.

f GMpm dr = GMEmf %dr _ —GMym
r

2
T r

637x10°+h GM ,m
2

It followsthat W = dr

= GMEm[ ! o= ! . ]
6.37x10°  6.37x10" + A

6.37x10° r

_GMym

6.37x10°+h

r

6.37x10°

Substituting in the given values, we have

1 1
6.667 x 107 ""N-m? / ko*)(5.90 x 10* kg ) (1000k [ — : ]
( )l 9)(1000kg) 6.37x10°  6.37x10° + 1000

~ 9692491.513unts

Solution: b)

00 b
| CMem 4y = GMymlim 1 Lar

6.37x10° b—ood) 6.37x10° ¢

b
= GM,mlim [—1] = GM,mlim [;6—1]
b=\ 1 s 375100 1=(6.37 10" b
1 : .
= GM,m|————|. Therefore, theintegral is convergent.
g [6.37 X 106] . J



16. A string stretched between two points (0,0) and (0,2) is plucked by displacing the
string h units at its midpoint. The motion of the string is modeled by the Fourier
Sine Series whose coefficients are given by

b, —hI :csm( 5 )d +hI( a:+2)sm( Zx)d:c Q)

where nisan integer. Evaluateb, .

Solution: We handle the two integrals separately. First, consider
hj xsm( 5 )dx Using integration by partswith « = z and

dv = sm[n ]d:z: sothat du = dzxand v = —icos[mm] we have
2 nw 2

2hx nrz\]  2h o nwT
hI Z sin dx =| ———cos| —— +—| cos| —
2 nrw 2 )], nmdo 2

{ 2h ( ﬂ { 4h . (nﬁxﬂl
——COS| — + Sin
nrx 2 (nm)? 2 /],
[ 2h (n ﬂ [ 4h, (nﬂﬂ
——COS| — + Sll’l

ni 2 (n)? 2

Next, we consider hj ( x+2)sm(n2 jdx First, note that we can write the

N
e

3

given integral astwo integrals.

hf(—x+2)sin(n77m)dzv:—hﬁxsin( . jdx+2hj sm(n;m)dx )

Thefirst integral we evaluate using integration by parts as before,

2 . (nmx 2hx nxx\T  2h ¢2 nxTx
—hj z sin dr =| —cos| — || ——| cos| —

! 2 ni 2 ) nmt 2

4h 2h nrw 4h . (nmz\T
=|—cos(nmwr) ———cCcos| — | | — sin

nx nx 2 (nx)? 2 )4

{ 4h, 2h (W[ﬂ [ 4h . 4h . (nﬁﬂ
=|—cos(nwr)———cos| — ||— sin (nxw) — sin| —
nrw nir 2 (nr)? (nrx)? 2




4h 2h (nﬂ') 4h (nﬂ')
=—cos(nmw) ———cos| — |+ sin
ni ni 2 (nx)? 2

The 2™ integral on the right-hand side of (2) can be done directly (or with au
substitution):

nrs 4h nrz\ 4h 4h niw
QhJ. sin dx = ———cos| — | = ———cos(nr)+—-cos| —
2 ni 2 A niw ni 2

Putting these results together, we see that (1) is given by

b _hj xsm( ; jd +hj (—x+2)81n( ;[x)dx

2h (mr) 4h . (nﬂ'j 4h 2h (nﬂ) 4h . (mr)
=———cos| — |+ sin| — |+ —cos(nwr) ——cos| — |+ sin| —
ni 2 (nx)? 2 nr nr 2 (nm)? 2

4h 4h [mr]
——cos(nm) + —cos|—
nm nmw 2

It follows thath, = —> sin(ﬂj.
- (nm)? 2



17. Use (a) Simpson's Rule (b) the Trapezoidal Rule, and (¢) the Midpoint Rule with
n = 6 to approximate L f * ¢~ dz . Find the maximum possible error using each
V27 J-s

approach.
Solution:
a) 0.9972474675

b) 0.9952975109
c) 0.9982224458

isrevolved around the x-axis the area of the

w1+ 27) +(1-2?)
(1-1—332)3

2

18. If the area under the graph of y = ! !

+z

surface generated is given by theintegral A = 27 fo dx .

Approximate the surface area to three decimal places.

Answer: A = 2.383150404



19. In achemical reaction, one unit of compound Y and one unit of compound Z are
converted into a single unit of compound X. If the amount of compound X formed and
the rate of formation of X is proportional to the amount of unconverted compounds Y

and Z, then

dx
E = k(yo - J}) (zo - x)

where y, and z, are theinitial amounts of substancesy and z, respectively. From the
above equations we obtain,

1
e Kl A @

Use partial fraction decomposition to integrate the left-hand side and then solve for x
interms of t.

Using partial fraction decomposition, we assume that the integrand decomposes into

fractions of the form: 1 = A + B , this gives us the equation

(Yo —2)(2y —2) Yo—T 2z —7T

1= A(z, —2) + By, — 2).

. Choosing = = y,, we have

Choosing z = z,, wehave B =

Yo — 2o
1

A= .

20 — Yo

1 1 1 1 1
ItfoIIowsthatf dx = f + dx
(yo - x)(% - :E) 20 =Y Yo =T Yy — R % — L
1 1 1

= - dx
20 =YY Yo T ZH X

Thelast integral on theright is evaluated using u-substitutions.



1 1 1 1
- dz = In|z, — x| —Inly, — x
Zo—yofyo—x 2, — @ Zo_yo[ |0 | |0 ”

_ 1 ln|z° — x|
20 =Y (Yo — T
The right-hand side of (1) gives kt + C'.
Equating the two sides of (1) we get

1 ln|z0 —:v| _
20 — Yo ‘yo_z‘

kt+C,.

It remains to solve for x asafunction of t. Multiplying both sides by z, — y, , we get

Z,— X
Yo —
Rewriting in exponential form, we have

In = (2, — y, )kt + C,

2y — — 6(30*y0)kt+02 — Ce(znfl/n)kt
Yo — T

z[) — T — Ce(znfyn)kt

Yo —

_ (z0—yo )kt
Zy — T = (yo —x)ce o

2y — T = 1/006(207‘%)“ — geelowlt
We get the terms that contain x on the same side:
€T — xce(zofyo)kt — ZO o yoce(zo—yo)kt

Factor out the x:

x (1 — ce(z‘)*y”)kt) =2y — yoCe(Z”fy”)kt

(200 )kt
%y — Yoce

Tr =
(2030 )bt

1—ce



20. Use the substitution u = tan [g] and the identity cos 20 = cos’ § — sin” 0 to evaluate

the integral g d9 .
0 4sinf + 3cosf
. . . ) 2u 11—’
Solution: The identity leads to the formulas sin ) = ——, cos = ——, and
1+u 1+u
df = 12fu2 . Note that u goesfrom0to 1 as ¢ goesfrom O to 2.
u
2du
f% dao ! 14 u?
. - 2
0 4sinf + 3cosd 0 4[ 2u2]_F3 1 u2
1+u 14+ u
! 2du
0 4(2u) + 3(1—?)
1
= 2 du

Using partial fraction decomposition, the last integral becomes

3u+1 3

—Uu

:fol

lhﬂ&ﬁ+lﬁ—lhﬂ3—u|
) 5

1

0

~ gy = Ly - [11n|1| —11n|3|]
5 5 5 5

::l(hui—ln2—+ln3)::lln6
5) 5)



Why the substitution in #20 works.

NI

u
0
%
1
From the triangle, we see that
E—tan Q] sing— Y cosg— 1
1 2 14+ 2 14 o’

Now use the identity cos26 = cos®  — sin” §in the form cos @ = cos’ g — sin® g This

2 2

1—u?

! Y = . We could solve for sin ¢ directly or
14+u

V1 + V1442

we can also use the identity sin 20 = 2sin 6 cosfintheformsin = 2811150085.

gives cosf =

 2u
14+ u?

1
\/1+u2

u
\/1+u2

Thisgives sinf = 2




This method will work for any rational function of sine and cosine.

#5 Method 2: Use integration by parts twice. First let u = 2*and
dv=(xz + 1)% dz sothat du = 2zdx and v = %(z + 1)% . Then,

fﬁ\/x + 1dz = %af (z+1)% — %f:v(x +1)2dz
Compute the last integral using integration by partsagain. Let v = x and
dv = (aH—l)% drsothat du = dz and v = %(x—i—l)%.Then,

fx%/x—f—lda:z%ﬁ (x—l—l)% —%x(w—l—l)% —|—%f(x—|—1)% dz

2 3 8 5% 16 A
=22+ — @+ 1) (e +1)% +C
3¢ @H)? — e+ )P+ oz +l)



