Name Test 1A Calculus 2 Mike Huff Spring 2010
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13. The Gamma Function: Euler’s Gamma function is defined by the formula:
. o0 z—1 —t
F(:z:)—j;t e'dt, z>0.

a) Showthat I'(1)=1.
b) Apply integration by partsto the integral for I'(x 4 1) to show that
Iz +1) = zl(z).



1 f ! dx

J1+e'
Use au-substitution with « = V1 +¢” sothat u* =1+ ¢” and 2udu = e"dz . Solving
this last equation for

2u 2u

dov =—du=—F——du
e’ u —1
and substituting gives
f L dr = f 22—udu
J1+e* u(u —1)
=2 f e partial fraction decomposition

1(u—|—11)(u—1)1
2§f[u—1_u+1]du‘

zln‘u—l‘—ln‘u+1‘—l—0

= In;

= In;

2) J. sec’ xdx

First rewrite the integrand as sec® = = sec” z sec z . Then use integration by parts with

u = secz and dv = sec’ zdz sothat du = sec z tan zdz and v = tanz.
Then

I sec’ xdx = jsecQ x sec xdx

2
=secztanx — Isecxtan xdx

Now usethetrig identity tan®z = sec’ z — 1

2
secrtanzx — Isecx(sec T — 1)dx

secztanzx — I(secg T — sec x)d:c
=secztanx — jsec?’ xdx + Isec xdx

=secztanz + In ‘secx + tan x‘ - J‘sec?’ xdx

Add the last integral back to both sides to get
QI sec’ zdx = secztan z + In ‘sec T + tan x‘



or

1 1
jsecg zdx = gsecxtanx+§ln secz + tanz|+ C

2z . .
3) IO sin mx sin nzdx , where m and n areintegerswith m # +n .

Use integration by partswith u = sin ma and dv = sin nxzdz so that

1
du = mcosmzdr and v = ——cosnz .
n

. . . 1 1
I sin mx sin nzdr = sinmx (——COS nr | — I——COS nr (m COS mx) dx
n n

1 . m
= ——sinmz cosnx + — I COS nx cos mxdx
n n

Do integration by parts again with v = cos mz and dv = cos nzdx S0 that

. 1 .
du = —msinmazdz and v = —sinnz.
n

. m 1 . 1 . .
= ——sin Mz cos nx +—{cos mzx—sin nx — I—sm nm(—m sin mx)dx
n n n n

2

2
= ——SIn Mmx cos N + — COS x SN nx + —ZJ‘SHI ’I”L.I’(Sll’l m:z:) dx
n n n

Subtract the last integral from both sides to get

m’ . ) 1 . m .
1-— J sin mz sin nxdx = ——sin mx coS nT + — CoS M sin nx
n’ n n’
m2 n2 - m2
Divide through by 1 - —- = ———toisolate the origina indefinite integral.
n n

27

2, . n . m .
.[0 sin mz sin nxdr = |:ﬁ S1N Mx COS NT + - 5 COS Tha SIn nx

m —n n —m 0

=0
The integral evaluates to zero since the sine of an integer multiple of 7 isO.



4. J:/ "9z sin™ (z*)dx

Use integration by parts with u = sin™ (xQ) and dv = 2zdz so that du =

and v = z°. Then

j 2z sin” (2% )dr = 2° sin™' (xZ) - I \/% dz

The last integral can be done by u-substitution with u = 1 — z*so that du = —42°dz .

j 20° dxz—%ju;duz—\/—:—\ﬂ—x‘l.

1-z*

Therefore,

1

1 —
J.F 2z sin” (2% )dz = [:1:2 sin” (xQ) +v1-2a }ﬁ
0

:lsin_1 1 +1/1—1—1
2 2 4

T ﬁ —1~0.12782479
12 2

5. f r’\z + 1dz Userepeated integration by parts:

u dv +1
v’ \/x—|—1:<x+1); !
30" z(a: + 1)g .
6z 4 5 1

g(m +1J
6 ] 7 -1
ﬁ(@“ +1)
16 2 1
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fo\/x + ldz
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Use atrig identity:

R - .
1+ tan®(z) sec’(x)

cos® zdx
1
—Efl—kcos?xdx
:lx+31n2x L
2
f z+1
—
x* =2z +10

Add and subtract 1 then split the integral into two.
f x —|— 1 _ f -1 + 2
—2x + 10 —2x + 10

a1 p
_f x2x+10 +f2—2:1:—1—10z

The integral f 2—10@ can be done with u-substitution, letting
" — 27 +

u=12"—2z+10 sothat du = 2z — 2dz = 2(z — 1)dz .

Then

z* —2z 410 2Y u 2 2
The other integral is done by completing the square on the denominator and then
using a u-substitution.

z’ —2x +10).

2 dx 2 dx
—  dxr = - - -
fx2—2x+10 ’ 2f(x_1>2+9 9 [x_12

zgtan’1 r—1
3 3
r+1

Therefore, f 2—1001::; = Eln
T+

z—1

T —2x+10‘+§tanl[ ]+C




Isin(ln z)dx

Use a u-substitution with v = In 2 sothat du = ldx. It follows that
X

dx = zdu = e"du . Theintegral then becomes
Isin(ln z)dr = Ie“ sin udu .
Thiswas done in class using integration by parts to get
Ie“ sin udu = l(e“ sinu — e" cos u) :
2
J. sin(ln z)dz = I e" sin udu
]‘ u : u
= 5(6 SInu — e COSU)

= %[az sin(ln az) — X Cos (lnx)] +C

/z'/4
J.O 1+ cosdzdx

Useatrig identity: 1+ cos4z = 2cos*(2z) .
Then

J.:/4 V1 + cosdzdr = I:/4 \2cos’(2z)dz
— 2 J':/4 cos(2z)dx

/z'/4
= {g sin(2:c)]



1
10. —dx
f z°N16 — z°
Use atrigonometric substitution. Let = = 4sin @, then 2° = 16sin”* 6 and
dx = 4 cos0df .

1 1
—  dzr = 4 cos8db
f 216 — 2 f 16 sin? 016 — 16 sin” 0
B f cos 0do
16 sin? 61 — sin® 0
_ f cos8df
16 sin” O/ cos’
do 1 )
= = — | csc” 0dO
f 16sin’60 16 f
= i[— cot 0] +C
16
_ 2
_ _Vi6—2
16z
o0 4 —x
11. j; e 'dx
Use repeated integration by parts.
u dv +1
ZU4 e—az 1
4a° —e "’ -1
122 e’ 1
24117 —6_'1; ‘1
24 e " 1
_e z '1
1

f rledr = —e " —4x’e " —122% " — 24xe " — 24e "

— ¢ (a:4 + 42 +1222 + 24z + 24)



It follows that
fooxéle*xdx = gim[—e”’ (x4 +42® +122° + 242 + 24)}
0 —00
—<b4 T 4b° +120% +24b + 24)

b

0

= lim + 24

b—o0 e
=24
Taking the limit involves using I" Hopital’ s rule 4 times.

2 dx
12. fo1—x2

The integral isimproper so we split the integral at the point of discontinuity.

b

2 dx fl dx + f2 dx
S T e T i)
Thefirst integral can be done by partial fraction decomposition

L dx 1 pev 1 1
ﬁ—(l_x)<1+x)‘zli?5ﬁEﬂﬂd‘f

= liml —ln‘l—x‘—f—ln‘l—i—xub
b~>172 0
:llimln‘1+b‘ =—
2 b—1" ‘1—6‘

Since one of the two integral diverges, the original integral diverges.

00 b
0

13. a I(1)= fo Tiletdt = |

b) D(z +1) = fo Pl gy — fo Tt

Integration by partswith u = ¢t* and dv = e'dt sothat du = 2t*'dt and
v=—¢ yieds

e 'dt = lim —e_t]

b—o0

= lim(—e‘b + 1) =1

0 b—o0

foot”’e_f’dt = lim —t”e_t]
0

b—o0

= xfoct“le*tdt
0

Thelimit involvesusing LH’s Rule!!

Therefore, I'(z +1) =z j; Tl dt = aT(z).

i’) + xfoot”_le_tdt
0



