Section 1. Sequences

In this section, we examine sets of numbers called sequences. By evaluating afunction
f(x) at successive positive integer values, we generate an ordered collection of real

numbers. That is, we evaluate the function f(z) at n = 1,2,3,4,... togeta, = f(1),
a, = f(2), a, = f(3), etc. to generate the set of numbers {a,,a,,a,,...a,,a,,,,...} . For

example, thef(z) = 1 generates the sequence {a, } = 1Whi ch hasterms
T n

],1 111 1 When studying sequences the properties of the underlying function
n

2’34’57
f(z) will often be of use in determining the behavior of the related sequence.

Definition: A sequence {a, ] of real numbersa,,a, a,, -+, a,, isafunction that assigns to
each positive integer n areal number a, . The number a, iscalled the nth term of the
seguence.

| Example 1: Finding the Terms of a Sequence

Find the first five terms of each sequence and sketch a graph.

a) an:(l+%j

C) The Fibonacci sequenceis defined recursively as a, =1, a, =1, and
aQ,=a,,1t3,,
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Arithmetic and Geometric Sequences
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Definition: An arithmetic sequence is a sequence in which each termis found by adding
afixed number, d, called the common difference, to the previous term.

a,=a,,+d

In this case, we can find aformula for the nth term in terms of the first term and the
common difference:

a,=a+d
a,=a,+d=(a+d)+d=a+2d
a,=a,+d=(a+2d)+d=a,+3d

a;,=a,+d=a +4d

In general, we havea, =a,+(n-1)d .

|Examp|e 2. Arithmetic Sequences

Finding terms of an arithmetic sequence.

Find the 19" term of the arithmetic sequence 2,5,8,11,...

Definition: A geometric sequenceis a sequence in which each termis found by
multiplying the previous term by a fixed number, r, called the common ratio

a,=ra,,

In this case, we can find aformulafor the nth term in terms of the first term and the
common ratio:

a=ra
& =ra,+d=r(ra)=r's
a,=ra,=r(r’a)=ra

1

In general, we havea, =r""a, .
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| Example 3: Geometric Sequences

a) Findr for the geometric sequence 8,16,32,...,4(2")

b) Findthe 7" term of the geometric sequence 7,28,112,448, ...

Limits of Sequences

If, asn getslarger, a, approaches anumber L, then L is called the limit of the sequence.
If the sequence a,,a, a,,---,a, hasalimit L, wewritelima, = L.

n—oo

|Examp|e4: Sequences with Limits

Sequences with Limits

a) Iim(1+1jn:e

N—o0 n

b) lim—— =1 To seethis notice that L:1—i
noen41 n+1 n+1

Convergent and Divergent Sequences
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A sequence that hasalimit is said to conver ge or be convergent. A sequence that does
not converge is said to diver ge or to be divergent.

|Examp|e5: Determining Convergence or Divergence of Sequences

Do the following converge or diverge? If they converge, what is the limit?

a) —n_+1
ah n
b b=
n
C) cnzﬂn
e

The Sequences r"and 1/n’

Theorem: If r isanumber in the open interval (-1,1) thenlimr" =0.

N—o0

Theorem: Ifr >0, thenlimir:O.

N—oo n

Limit Laws for Convergent Sequences
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If {a,} and {b, } are convergent sequences and c is a constant, then

a)
b)
c)
d)

€)

f)

Q)

h)

lim(a,+b,)=Ilima, +limb,

lim(a, -b,)=lima,-limb,
limca, =clima,

N—co N—oo

lim(a,b,)=lima,limb,

lim
jim| 2 |22 it Jimb %0
e\ P, ) limb, e

N—oco

lima, :[Iim”anTif p>0and a,>0

N—o0

The Squeeze Theorem for Sequences: If lima, =L and limb, = L and there

N—>eo

existsaninteger N such that a, <c, <b, foral n> N, then limc,=L.

This says that the values of the middle sequence are trapped by the values
of the other sequences after some point.

Absolute Value Theorem: For the sequence{a,} , if lim|a,|=0 then lima, =0.

If thisistrue, then the sequenceis said to converge absolutely.
Theorem: Suppose{a, } = {f(n)} for some differentiable function f(z). If

lim f(z) = Lthen lim {a, } = L. Note: Thisis particularly useful in situations
where L’Hopital’s Rule applies.

|Examp|e 6: Determining Convergence or Divergence of Sequences

Determine the convergence or divergence of the following sequences.

a)

b)

0)

{a,}={2+(-D"}

0} ={ 5}
)=o)
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d) {dn}:{(—l)”il} Hint: Use the Squeeze Theorem with a, :;—nland b, -1
n!

2n

€) Determine the nth term for the sequence whose first five terms are

_28 _ 2680 242 ...and determine if the sequence converges or diverges.

1'2" 624" 120°

Definition: A sequence{a,} ismonotonic if its terms are nondecreasing
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or if itstermsare nonincreasing a, >a, 2a, >--->a, -

| Example 7: Determining if a Sequenceis Monotonic

Determine whether the given sequence is monotonic.

a)

b)

d)

{a,}={2+(-D"}

(b= {2)

{C”}:{z:z—l}

{d.,}= {COSFVL’} Does this sequence converge absolutely?

|cosnz| _ |cosm|<_  that is, 0<|d, |<— Smcellml—O it
n | n n—e N

follows from the squeeze theorem that lim|d, |=0and then from the absolute

Note that |d,| =

value theorem that limd, =0.

n—oo
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Definition: A sequence {a,} isbounded if thereis a positive real number M such that
|a,|<M for all n. We call M an upper bound of the sequence.

| Example 8: Determining if a Sequenceis Bounded

Determine whether each sequence is bounded.

8 {a}={2+(D"}

)

1+n

Theorem: If asequence{a,} isbounded and monotonic, then it converges.
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|Examp|e 9: Determining if a given sequence is bounded or monotonic

Determine whether the given sequence is bounded or monotonic or both. Determine
convergence if possible.

3) {an}={%}

) lb={

( x? J’ (x4 2x=x* 2% +2x—x* _ X+ 2x

= . = — = > >0if x>0
(x+1) (x+1) (x+1)

0 {c)={-1"]
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