Section 2: An Introduction to Series

sequences,, s,, S;,*+, s, can be formed:

s =a
S, = a, + a,

Sy =a; +a, +a,

5, = G + ay + ag +"'+anzzai

n
i=1

i=1

series, that is, if lims, = L, then > a, =L
n—oo n=1

Definition: Let a,,a,,a,,---,a, be asequence. From this sequence a new

The sequence of sumss,, s,,s,,-++, s, 1S called the series obtained from the sequence

a,,a,,a,,--,a,. Thesum s, = > q, iscalled the partial sum or nth partial sum. If

the sequence of partial sums of a series convergesto L, then L isthe sum of the

For example, the sequence {l} can be used to create the series:

n
5, =a, =1
1 3

82=a1+a2=1+§:§
Sy =a, +a,+a —1~|—l+l—E
3 1 2 3 ) 3 6

11 1 25
5 =8 +ta =—+—=—

6 4 12
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Geometric Series

Let aandr be real numbers. Theseries a + ar + ar> + ar® +---+ar"™" +--- iscalled the
geometric serieswithinitial te'rmaand ratior.

Theorem: If —1 < r < 1, then the geometric series

e a e a
a+ar+ar’ +ar’ +---+ar" +-- :Zar" ' convergesto —
n=1 -r

n—2

Proof: Let s = a+ar +ar® +ar’ +---+ar"” +ar"" . Multiplying both sides of the
equation by r, we have:
s=a+ar+ar’+ar’ +--+ar"” +ar"”’
rs=ar+ar’ +ar’ +---+ar"" +ar"
Subtracting the bottom equation from the top, we have

2 1—2 -1
s=a+ar+ar’ +ar’ +-+ar"? + ar"

n—1 n

—rs =—ar —ar’ —ar’® —--—ar""' —ar

s—rs=a—ar"

n

Solvingfors s = a—— , that is
—T
2 3 n—2 n—1 1—r"
s=a+ar+ar- +ar’ +---+ar " +ar :al .
—T

The infinite sum isfound by taking thelimitas n — oo . If-1 < r < 1, then

o0 1 n
_ . . —r a
E ar" = lims = lima = .
n—o0 n—00 ]__7/1 ]__/r»

n=1

| Example 1: Finding the sum of a geometric series

Find the sum of the series3 + 1 +%+ - if it exists.
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| Example 2: Finding the sum of a geometric series

Find the sum of the serieszin Cif it exigts.
n=0

|Examp|e3: Series and decimal representations of numbers

Example 3: Series and decimal representations of numbers

Express 0.08080808 as the ratio of two integers.

| Example 4: Finding the sum of a geometric series

Find the sum of the series; Z z" ,where |z| < 1

n=0
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Another type of seriesthat will be encountered frequently is called a telescoping series
because when the terms are written out the ones in the middle cancel out and the series
reducesto just afew terms.

|Examp|e 5: Finding the sum of a telescoping series

N 1 . L
Show that the series z is convergent and find its sum.

nn+1

| Example 6: Finding the sum of a telescoping series

Show that the series z 1 Is convergent and find its sum.
~(n+2)(n+3)
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Properties of Infinite Series: If > a, = Aand Db,

following series converge to the indicated sums:

a Y ke, =kA
)  (a, +b)=A+B

C) i(a”—b")zA—B

= B, and kisareal number, then the

Example 7: Using the properties of infinite series

Find the sum of the convergent series: i (3 (l) - 5 (lj | J
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How can we quickly decide if a series diverges? We have a method that works for some
series - the nth-Term Test for Divergence.

Theorem: If the series Z a, converges, then the sequence {a,} convergesto 0.

n=1

Theorem: nth-Term Test for Divergence: If the sequence {a, } does not convergeto 0,

then the series i a, diverges.

n=1

|Examp|e 8: Using the n-th Term Test for divergence

Show that each of the following series diverges.

a) i 2"

n=0

o

n!
b) ZQnHl

n=0

Section 2 Introduction to Series.doc 4/7/2009



|Examp|e 9: The Harmonic Series

. . a1
What can you say about the convergence or divergence of the seri esZ— ?

n=1 n
Solution: The series diverges.
. 1 1 1 1 1 :
Proof: The partial sums, = Z— =1+ 3 + 3 + 1 +---+ —. Below isagraph of the
k=1 n

partial sum represented as the sum of areas of rectangles and the graph of the function

1
flz)=—.

T

1251

0751

05+

0251

The graph shows that each rectangle lies partly above the curve. It follows that

n+1

1
Sum of the areas of n rectangles s, > areaunder curve = f —dx

f X

=Inlzf™ =1In(n +1)

> 1,
But lim In|n + 1| = cos0 lim s, = coand the series »_— diverges.
n—00 n—00 n=1
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| Example 10: Finding the sum of a series

n=1

Find the sum of the series: Z[ ( 3+ 5 +2i"j
nn

Example 11: Finding the sum of a series

Doesthe series Z (%3] converge or diverge? If it converges, find the limit.
n” +4n +

n=1
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