Section 3 Areas and Lengths in Polar Coordinates

Area of a Polar Region

. 1
Recall that the area of a sector of a circle is =76

The area of a small region bounded by a polar curve can be approximated

by the area formula above:
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We begin by dividing the angle from a = 6, to b = 6, into n equal size
angles of width Af#. Over the small interval from 6 =6, | to 6 =0, we can
think of r as having a constant value . = f(6) where 6 can be any point

in the interval since we will be dividing the angle into more and more

subintervals. Then the area of the small sector is given by AA = %T;QAH.

By adding the areas of all these sectors we get an approximation to the

area of the entire region.

A= zlrzAH. The exact area can be found by taking the limit as
=2

n—oo.



Theorem: Area of a Polar Region. If = f(8) then the area A of a polar
region R bounded byr = f(8), 8 =a, and 8 =b is given by

A= ;j%[f(@)]Q 16 =j[%r2d8

Example 1: Finding the Area of a Polar Region

Find the area of one petal of the rose curve given byr = 3cos36.

Solution:

We begin by drawing the graph:
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We see that one petal is traced out as 6 goes from a = T top="L

o
So the area is given by
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Example 2: Finding the Area of a Polar Region

Find the area of the region enclosed by the cardioidr = 2(1 + cos ).

Solution:

Graph the function in rectangular coordinates and then graph in polar

coordinates.
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We see at once that the area is swept out once as @ goes from 0 to 277.

The area is therefore:
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Example 3: Finding the Area of a Polar Region

Find the area inside the smaller loop of the limagon r =2cos@ +1.

Solution: Graph the function in rectangular coordinates and then graph in

polar coordinates.
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The smaller loop is traced out as @ goes from — to—.

The area is therefore:
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Finding the Area of a Region between Two Curves

Assume that r = f(8)and r = g(8)describe two curves in polar
coordinates and that f(8) = g(6)for 8 O[a, B]. Let O be the region
between these two curves and the rays 8 = adand @ = . The area of [is
obtained by subtracting the area within the inner curve r = g(8)from the
area within the outer curve r = f (). That is, the area between two

curves is

a=["4[re) a0~ [ o) ao=4["{[s(0] {8 }a6
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|Example 4 Finding the Area of a Region between Two Curves

Find the area of the region inside the circle r = -6cos@ and outside the

cardioid 7 =2 —2cos 8.

Solution: We first graph the two functions: in rectangular coordinates and

in polar coordinates.
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The two graphs intersect when 8 = Y and whend = 3
Therefore, the area is
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|Example 5 Finding the Area of a Region between Two Curves

Find the area of the region that lies inside the circle » =1 and outside the

cardioidr =1 —cos 8.
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Finding the Arc Length of a Polar Curve

Theorem: Arc Length of a Polar Curve. Let f be a function whose
derivative is continuous in an interval a <@ < . The length of the graph

of r = f(@)from 8 =a to 8 =10 is given by

s=[I\rel el ae=[ | +[ <] ao

Proof: We derive the formula above by using the arc length formula for a

parametric curve.
Let a point be given by (r,8) = (f(8),6).
The parametric equations of the point are = = f(€)cos@andy = f()sinF.

The curve is now given in rectangular form with parameter 8. Its length
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Now, ;7 = f(6)(=sin ) + f'(6) cos Band Z—Z = f(0)cos @ + f'(O)sin @, hence

is

(%j + (%j =[(6) sin® 6 -2/(8)(G)sin Bcos 8+ /(6] cos’ 6+

[f(é’)]2 cos’ @ +2f(8)f'(6)sin Bcos G+ f'( 69]2 sin® 6,

which simplifies to [f(é?)]2 + [f'(H)]Q.




|Example 6 Finding the Arc Length of a Polar Curve

Find the length of the arc from 8 =0 to @ =2 for the cardioid

r=f(@)=2-2cos8.

Solution:

Since f'(6) = 2sin @, we have
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Example 7 Finding the Arc Length of a Polar Curve

Find the length of the cardioid r =1 —cos@.

Solution:
dr .
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