Solving Matrix Differential Equations

Stepsfor Solving a Matrix Differential Equation

Find the characteristic equation of A, det(A — AI) = 0.
Find the eigenvalues of A, which are the roots of the characteristic equation.
For each eigenvalues A, find as many linearly independent eigenvectors as possible.
The solution of the matrix differential equation takes the form:
x(t) = v, + v 4+ e v e

n-n

PN =

|Examp|e 2: Solving a system of two linear differential equations using eigenvalues

dr =2z + 3y

dt
Solve

dy =2r+y

dt

2 3
The system of equations has the formx’ = Az where A = 5 1| In Example 1, we
found the eigenvalues of this matrix to be \, = —1 and A\, = 4. The corresponding
-2 1

eigenvectors were v, = and v, = ] , respectively.

The solution of the equation is therefore

—t 4t
—2ce +cye

—t 4t
3ce +ce

Mathematica:




|Examp|e 3: Solving a system of two linear differential equations using eigenvalues

a Y
Solve :
dy =4z +y
dt
11
Solution: The system of equations has the formx’ = Az where A = 4 1l The

eigenvalues of this matrix are given by the solutions of the equation det(A — A\I) = 0.

11
Since A =
ince 41

A0
have A — \I =
0 , we have A

determinant of this matrix equal to zero gives:det(A —AXI) = (1—-A)(1-\)—4=0.

1—A 1

I=
and A\ 4 L\

. Setting the

Multiplying out, we have \* — 2\ — 3 = 0. So, the two eigenvalues are A = —1,3
or\, =3 and \, = —1.

Next, find the eigenvectors.
1-x 1
4 1-X

2 1
4 2

2 1

b
ecomes|

A, = —1: With this choice of A, the matrix A — I =

0
0

v

. This matrix

So that the matrix equation we must solve is(A — \I)v =

Uy

2 1
4

0

alol- This can be reduced to

equation can be solved using the augmented matrix

1 .5
0 O

0

o 1 1
so the solution is v, + —wv, = 0 or v, = ——v,. We choose v, = —2 so that we
0 2 2

1

answer involves integers and we have v, = o

-2 1

A, = 3: With this choice of A\: A — I = 4 _o

. So the system to be solved

-2 1
4 =2

-2 1
4 =2

0
0

0
0

vl
is(A—A)v =

= _|. The associated augmented matrix is

Uy



1 —0.5]0 1 1
This can be reduced to ol 5° the solution is v, ——v, =0 or v, = —v,. We
2 2
1 1 1
choose v, = 2 then v, = o The solutions are thenx(t) = 5 e’ andy(t) = 5 e’
We check the Wronskian to see if the solutions form a fundamental set:
67t 6375
W= l=e(2e7) = (—2e7") e =4 = 0.
_267t 263t < ) ( )
Therefore the solutions are independent and the general solution of the system is
1] 1
x(t) = ¢v, e + e,v,e™ = ¢ 5 e’ + ¢, 5 e’
[
|Examp|e 4: Solving a system of two linear differential equations using eigenvalues
dr = —2r—2y
Solve
' dy _ -z — 3y
dt
. ) , -2 =2
Solution: The system of equations has the formx’ = Az where A = L sl Then,
we have
A —2—-A —2
ST 1 =3

Setting the determinant of this matrix equal to zero gives

det(A — M) =(2+\)(3+A)-2=0.
The characteristic equation is
N +5A+4=0.

The two eigenvalues are A = —1,—4 or\ = —4 and )\, = —1.

Next, use the eigenvalues to find the corresponding eigenvectors.



-2-X -2
A, = —1: With this choice of \, the matrix A — A\l =

-1 =3-A
-1 =2 ) -1 2|y, 0
becomes . So we must solve the equatlon(A — )\I) V= =1 |.
-1 -2 -1 2|, 0
) -1 =2]0 ) 1 2]0
The corresponding augmented matrix is . This can be reduced to SO
-1 =20 0 0]0
. —2
the solution is v, +2v, = 0 or v, = —2v,. We choose v, =1 so that v, =
o 2 -
A, = —4: With this choice of A\: A — AT = 1 . Then,
2 =2y, 0
(A= AI)v = =\ |.
-1 1|, 0
] o —2/0 ] —1/0
The associated augmented matrix is L1l This can be reduced to o olo SO

that v, — 0, = 0 or v, =v,. We choose v, = 1 then v, = H

1
The solutions are thenx(t) = ) e andy(t) =

Note: Check to see if the solutions form a fundamental set.

Tte general solution of the system is

1
1

At At —4t
J— 1 27 —
x(t) =cve" +cv,e? =c




Analysis of Example 4 Using Mathematica

Solving an IVP

To eolve an mitial value problem suoh a=
#=-2a-2y

y=—g-y’ x(0) = 1, 9(0) = 0, ueing, Mothemotice we proceed s bllowe.

Write the squatione.
nEl= el =ad; x[t] = —2xx[t] — 2+ ¥[t]
oufil= x'[t] = -2x[t] -2 y[t]
nFl= e2 = y[t] = —x[t] -3 «¥[t]
outfl= ¥l = -x[t] -37[t]

Uze the DHolve command az follows:

= Dialvel{el, e, <[0] =1, y[0] = 0}, {x[t], ¥[t]}, t]

-4t

= 1 It 1 4t it
Ot {{K[t]—)EIE (L+2€™), yit]»-Z e (-Lre J}}

Draving Golution= in the Phare Plane

x'=-2x-2¥%
1

To draw a few zolution for asyetem such a= for initial conditione x (0],

yi=—-x—-d¥
¥ (0] beteeeny — 3 and 3,

we do the ollowing:
Firet write the equations :
nfo]= el =8 x[t] = —2w=[t] — 2 «¥[t]
ou[in]= ®'[t] = —2x[t] —2¥[t]
1= e2 = ¢ y[t] = —=[t] —3 = ¥[t]
out[i1]= ¥ [t] = -x[t] -3 ¥[t]
Then then ues the following program:
n(1g]= mumzol[td_,a ,b_, t1_]:= (o], g1} S
First[ND3olve[{el, e2, «[0] = a, y[0] = b}, {=l#], 4[]}, {£, O, t1}ID /.
= 10
flow[tl_ ] := ParametricPlot] Evaluate [ Flatten]| Table [nume=ol[ ¢, &, B, t1], {a, —5, 8}, {&, =5, 5}], 111,

{t: a, tl}, PlutH«ﬂ-ﬂgE - {{_5: 5}: {_5: 5}}]
flow[6]

Out[0]= = Graphics -




Equilibrium Solutions of Linear Systems

dz =az + by
A linear system of two differential equations of the form dt has (0,0) as an
Y
—=crx+d
it y

equilibrium solution. The type of equilibrium point depends on the eigenvalues A, \, of

a

the matrix A = . For now we consider the cases where the system has nonzero,

c

distinct, real eigenvalues.

Three Types of Equilibrium Points
If a linear system of two differential equations has two nonzero, distinct, real eigenvalues
A, A, , then:

e If \ <0<\, then the origin is a saddle. There are two lines in the phase plane
that correspond to straight-line solutions.

e If A\ <)\, <0, then the origin is a SNk (stable node). All solutions tend to (0,0)
as ¢ — oo and most go to zero in the direction of the )\, -eigenvectors.

e If 0 <)\ <, then the origin is a sour ce (unstable node). All solutions except

the equilibrium solution tend to infinity as ¢ — co and most solutions leave the
origin in the direction of the )\, -eigenvectors.
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Graphical Analysisof Example 3
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Saddle point at (0,0) from Example 3

2X corresponds to

The two lines correspond to the two lines of eigenvectors. The line y

1
2

2X corresponds to the eigenvector vector

and the line y

the eigenvector vector

2c,e’, we have

ce” and y(t)

. We can also see that since, z(t)
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|Examp|e 5: Solving a system of three linear differential equations using eigenvalues

dv_ +z
i’
Solve the system of three linear differential equations% =z+z.
de _ x4+
dt Y
0 1 1

Solution: First, write the system as a matrix equation:x’ = |1 0 1|x.

1 10



Solutionsinvolving Complex Eigenvalues

|Examp|e 6: Solving a system with complex eigenvalues

dz = -2z — 3y

Solve the system
dy

— =3z —2y
dt

Solution: The characteristic equation of this system is

det(A — M) = (=2 = A\)(=2—\) +9 =0

which simplifies to A’ + 4\ + 13 = 0. The eigenvalues are \, = —2 + 3i and

A, = —2 — 3i. To find the eigenvector corresponding to A\, = —2 + 3¢ we substitute into

-3 -3 0
3 =3 0

v

the equation (A — A\I)v =0 to get (A — AI)v = . We solve the

Uy

—32’1}1 — 32}2 =0

system of equations ,
3v, — 3w, =0

by using the bottom equation to get v, = iv,

i
(which also satisfies the first equation). We choose |_| as the eigenvector.

In order to finish, we need the following result from precalculus:

Euler’s Formula: e” = cosb + isinb e =e"(cosb +isinb)

Continuing with our example, we see that e ***"" = ¢~ [(cos 3t) + isin(3t)]. It follows
that the solution has the form:

x(t) = Z

) e ' [(cos 3t) + isin(3t)]

ie”" [(cos 3t) +isin(3t)]|  |ie”* cos(3t) — e sin(3t)

e *'[(cos 3t) + isin(3t)]

e > cos(3t) + ie * sin(3t)

—e ' sin(3t)

e *" cos (3t)
+1
e > cos(3t)

e * sin(3t)

The two pieces are the real and imaginary parts of the vector functionx(¢) .




a b

)

Theorem: If x(¢) is a complex-valued solution to a linear system x'(¢) =

where the coefficient matrix has all real entries, and that x(¢) can be written as the sum
of real and imaginary parts as x(t) = x(t),, + x(t),,, where both x(t),,,x(t),, are real-
valued functions of t. Then x(¢),, and x(¢),, are both solutions of the original system.

re m

Example 6: Conclusion

—e ' sin(3t) e " cos (3t)

e > cos(3t)

The functions x, (t) = and x, (t) = are both solutions of

e > sin(3t)

the system. They are independent since their initial values x,,(0) =

1

0 are independent. Therefore, the general solution of the system is given by

Xim (O) =

—e ' sin(3t)
' e cos(3t)

e ' cos(3t)

x(t)=rc +c
) *le * sin(3t)




|Examp|e 7: Solving a system with complex eigenvalues

0 2
-3 2

1

and x(0) = 1

Solve the initial value problem x'(t) = Ax(t) where A =




Example 8: Solving a system with complex eigenvalues

A harmonic oscillator can be modeled by the second-order equation
my"” + by’ 4 ky = 0. This is considered undamped if b = 0. Choose b = 0 and choose
the mass to be m = 1 and the spring constant to be £ = 2. Then, the equation can

T, = Z

written as a system by letting 2, = y and z, = z,’, so that , or
T, = —21
, 0 1
X'(t) = 9 0 X(t).

Sorry but I don’t have this one typed up yet!!

)
N\,




Deficient Eigenvalues

Let the system of linear differential equations with constant coefficients be given by
x'(t) = Ax. Suppose )\ is the only eigenvalue. We seek a solution of the form:

x(t) = (vit +v,)e".

Here v,, v, are constant column matrices. Differentiating the proposed solution gives

x'(t) = [(vlt - v2)e”]/ =vie' + (vt +v,)e".
Substituting into the differential equation gives

vt + (vt + v2>e” =A(vit+ v2>e” .
Dividing out the exponential, we have

v+ A(viE4v,)=A(vit+v,)
or
vV, FAVE+Av, = Avit + Av, .

Equating coefficients gives the system of equations
Av, = Av,
Av, =v, + v,

Then v, is the eigenvector of A associated with A and v, is the solution of the second

equation. The first equation is how we got the original eigenvalue and eigenvector.
Solving the second equation is equivalent to solving

(A=X)v, =v,.



Example 9: Solving a system with repeated eigenvalues

-2 1

Solve the linear system x’(t) = Ax(t) where A = 0 —al

Solution: First note that the phase plot shows that there is only one straight line of
solutions which indicates that the system has a single eigenvalue.

The eigenvalue of A = is given by the solution of

—2-A 1 ,
det(A — AI) = =(—2-)A)"=0.
A=) =| =2
-2 1
So the system x'(t) = 0 —9 x(t) has A = —2 as its only eigenvalue. The associated
0 1
eigenvector is found from Av, = Av, or (A +2I)v, = 0. Since(A + 2I) = 0 oW
0 1y 0
must solve the system o ollwl=lol It follows thatv, = 0. The eigenvector can be
2
1 1
chosen to be ol The first solution is given by x,(¢) = 0 e

To find a second eigenvector and a second solution, we must solve the system
Av, = v, + \v, which is equivalent to(A — A\I)v, = v, or in this case:

0 1
0 0

1
0

Y

Uy




0

This results in v, = 1. So we can choose the second eigenvector v, = ]

Then the second solution will be of the form: x,(t) =

The general solution will then be of the form:

1 1 0
(1) = e, 1) + e, (1) = | e+ | 1o+, ]
¢ ¢,
or x(t) = e x,(t) + ex,(t) = |, |e " + 0 te™
2

Theorem: Suppose x'(t) = Ax(t) is a linear system in which the 2 x 2 matrix A has a

repeated real eigenvalue A\ but only one line of eigenvectors. Then the general solution
has the form

x(t) = Ve + V,te
:E()

where V, = is an arbitrary initial condition and V, is determined from V, by

0
V, =(A-A)V,.If V, =0, then V, is an eigenvector and x(¢) is a straight-line
solution.

Example 9: Conclusion

The system x'(t) = _02 _12 x(t) has A = —2 as its only eigenvalues. Let V, = ;Z be
an arbitrary initial condition. Then
0 1z, Yo
V,=(A+2D)V, = o olls,| =10l So the general solution
isx(t) = o e + o te .
Yo 0




|Examp|e 10: Solving a system with repeated eigenvalues

1 -1
Solve the linear system x'(t) = Ax(t) where A = et

Solution: The eigenvalues are solutions of
1-Xx -1

1 3—A
The equation (1—X)(3—A)+1=X —4\+4=(\—2)° =0 has A =2 as its only

solution. So A has \ = 2 as its only eigenvalue. The associated eigenvector is found

det(A — AI) = =(1-AN(B-A)+1=0.

-1 -1
from Av, = Av, or (A —2I)v, =0. Since(A — 2I) = | |- Wemust solve the
-1 —1j[y 0
system 1 w!|= ol It follows thatv, = —uv,. The eigenvector can be chosen to
2
1 1
be| _|. The first solution is given by x,(t) = . e’

To find a second eigenvector and a second solution, we must solve the equation

-1 —1fv 1

(A — AI)v, = v, or in this case: L Ul =14 This system has the augmented
A —
-1 —-1|1 1 1-1
matrix L1 which reduces to o olol It follows thatv, = —v, —1. We
0
choose v, = 0 then the eigenvector is . Then the second solution will be of the
1 0
form:x,(t) = ] te’ + 1 e’" The general solution will then be of the form:
1 1 0

x(t) = ex,(t) + e,x,(t) = ¢ . e’ + ¢, . te* + . e’

ce’ + c,te”
or x(t) = .
) —(, 4+ ¢,)e* — cyte”




Theorem: Suppose x/(t) = Ax(t) is a linear system in which the 2 x 2 matrix A has a

repeated real eigenvalues A but only one line of eigenvectors. Then the general solution
has the form

x(t) = Ve + Ve
Zy

where V, = is an arbitrary initial condition and V] is determined from V, by

0

V, = (A= AD)V,.If V, =0, then V, is an eigenvector and x(¢) is a straight-line
solution.

|Examp|e 10: Conclusion

-2 1
0 -2

Ly

The system x/(t) = x(t) has A = —2 as its only eigenvalues. Let V, = be

0

an arbitrary initial condition. Then

0 1z, Yo
V,=(A+2I)V, = 0 ollw!=lol So the general solution
isx(t) = o e + o te”™
Yo 0




|Examp|e 10: A Harmonic Oscillator

Consider the harmonic oscillator modeled by the second-order equation
y" + 232y’ + 2y = 0, with mass m = 1 and spring constant k& = 2 and damping
coefficient b = 2+/2 . The equation can written as a system by letting 2, = y and
/
0 1

T, =,
—2 22

z, = x,, so that or X'(t) X(t).

/
z, = -2, -2,

[ —
P




