Cauchy-Euler Equations
A second-order differential equation of the form #y” + aty’ + By =0 is
called a Cauchy-Euler equation. The exponent on the variable is the
same as the degree of the derivative. To solve this equation, we will
assume the solution has the form y =¢". Under that assumption, we
have
y' =mt"™" and y” = m(m — )" 7.

If we substitute this back into the original equation, we have

'm(m — D" + atmt™ ' + Bt" =0, or

m(m — D" 4+ amt™ + Bt" = 0.
If t" =0, then we have the characteristic equation

m(m—1)+am+ 8 =0.

Derivation:

Let y = u(z) and z =1nt so thate” =t¢. Then, by the chain rule:
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Similarly,
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With this substitution, the equation t*y” + aty’ + By = 0 becomes
uw' —u' +aou +Bu=0 or v +(a—1)u + Bu=0. This is a second order

linear equation with constant coefficients.
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Note: This substitution implies z =1Int, so that t =¢", and t" =¢
This last equation is used to write the final solutions in a familiar

form.




