Exact Equations and I ntegrating Factors

Definition: A differential equation written in differential form M (X, y)dx+ N(x, y)dy =0
isexact if thereisadifferentiable function Q(x,y) for which %—Q =M (x,y) and
X

Q = N(x,y). If thisis the case, the equation can be restated as a—de+a—Qdy: 0 or

oy oX ay
dQ =0 inwhich case Q(x,y)=C.

Theorem: Let M, N, aa—M and 9N be continuous functions of x and y in arectangle

y oX
R of the xy-plane. Then the equation M (X, y)dx+ N(x, y)dy =0 isexact iff
M _oN
dy ox

|Examp|e 1: Identifying Exact Equations

Determine if the equation is exact.

Q) (2x+y?)dx+(2xy+1)dy=0

b) (2x+Yy*)dx+(2xy+1)dy=0

C) x2_+y > dX+—; X > dy =0 Hint: Be careful at the origin.
y Xty



Solving an Exact Equation

If M (X, y)dx+ N(X, y)dy =0 isexact, then thereisafunction Q(x,y) for which

a_Q: M (X,Y) anda—Qz N(X,Y).
oX ay

e Integrate Q(X,Y) :IM (%, y)dx= f(x,y)+h(y). Thefunction h(y) isused
because the unknown constant might be afunction of y.

e Usethefact that %—Q = N(X, y) and take the partial derivative of
y

Q% y) = [M(x, y)ix=f (x,y)+h(y) toget a%( f(x y)+h(y))=N(xy) or

L 1Y)+ () =N(xY).
y

e Solvetheresulting differential equation for the unknown function h(y).

|Examp|e 2: Solving an Exact Equation

Solve the exact equation(2x+ y*) dx+(2xy+1)dy =0.



|Examp|e 3: Solving an Exact Equation

Solve the exact equation( ycosx+ y* ) dx+(sinx+2xy +3y*dy =0.

|Examp|e 4. Solving an Exact Equation

y

Show that the equation = dx+(Inx)dy =0 isexact and solve.
X



Integrating Factors

We can make some equations exact by using an integrating factor. Suppose
we have the equation M (x, y)dx+ N(x, y)dy = 0 and this equation is not exact. We
seek to find afunction (X, y) suchthat uM (X, y)dx+ u#N(X, y)dy =0 isan exact
equation.

|Examp|e 5. An Integrating Factor

Show that the equation ydx— xdy =0 becomes exact when multiplied through

by ¢(x,y) =

X2+y?

To determine a method for finding an integrating factor. Start with Mdx+ Ndy = 0and
multiply by u to get uMdx+ ¢Ndy = 0. This equation must be exact so we must have

0 0 oM ou oN ou
—(uM)=—(uN) sothat y—+M —=pu—+N—"—.
ay(ﬂ ) ax(” ) # ay oy # oX oX

Supposethat « isafunction of x aone then we have y%—Mzuaa—N+ NZ—ﬂ or
y X X

LfoM _ON dx=d—ﬂ. If the left side of the equation is afunction of x alone then the
N dy ox u

integrating factor is u(x) = "% where f (X) :%(aaﬂ—aa—l\'j . A similar argument
y  oX

can be used to find an integrating factor if « isafunction of y only.



Rule: For the equation Mdx+ Ndy =0

g L[ OM N f (x) isafunction of x only, then ,Lz(x)zejf(x)dX isan
N{ dy ox

integrating factor for the equation.
o« If L[M_N = g(y) isafunction of y only, then ,a(y):e_jg(y)dy
M\ dy ox

integrating factor for the equation.

isan

|Examp|e 6: Solving an Equation using Integrating Factors

Solve ;ﬂ: a(x)y+b(x) whichisthesameas (a(x)y+b(x))dx—dy=0
X



Example 7: Solving using an Integrating Factor

Solve (4xy +3y” — X)dx+ X(x+2y)dy=0"



