First Order Linear Differential Equations

Definition: A first order linear differential equation is a differential equation that can
be written in the form% + f(t)y =g(t). g(¢) is the driving term (or input). The equation

is said to be undriven (homogeneous) if g(¢) =0.

Example 1: First order linear differential equations

The following are examples of first order linear differential equations. Write each in the
form given above and identify the functions f(¢) and g(¢).

a) ty'+y=2t dy dy
b) —+2y=3 c) — =y+cost
) 5 T2 ) b

|Example 2: Solving a first order linear differential equation

Solve ty'+y =2t .

Solution: We notice that the left-hand side of the equation is the derivative of the product
d
ty since% =)' +y. Using this we can rewrite the original equation as the derivative
t

I

of a product and then integrate both sides: (Zy) =2t

J.(ty)'dt = [21at
(w)=r+C

y:l‘+£
t

Note: This actually defines two solutions sinces Z 0.
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Direction field for '+ y =2¢ Direction field with some integral curves



Example 3: Solving a first order linear differential equation

Solveﬂ+2y =3.
dt

Solution: Try to reduce this problem to the type we solved in Example 2. Can we find a
function p(¢) so that when we multiply both sides of the equation by p(¢) the left-hand

side is the derivative of a product?

d
u(r)(;fnyj =3u(t)

u(r)%wa)zy =3(1)

In order for the left-hand side to be the derivative of a product we must
have £/ (t) =2(t) . The only function for which this is true is z(t) = e* . With this choice
of u(t) the equation becomes

eZtﬂ+62t2y=3e2t'
dt

The left-hand side is the derivative of ¢’y . So we have

(eZty)' =30

Integration of both sides yieldsJ-(ez’y)'dt = J‘3e2tdt , so that (ezty) = %ezt +C.

Solving for y: y= 3 +Ce”
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General Procedure for Solving First Order Linear Differential Equations

An equation of the form % + p(t)y = g(¢t) can be solved by multiplying through by the

function L(¢) = o704 1o get Gl % L p(t)y = g(zf)ej " The left-hand side of

this equation is the derivative of a product: %(ej pld y) = g(t)eI P

_[p(t)dt

Integrating both sides gives eI p(t)dty - _[ g(t)e dt . Therefore, the solution is

y= e_I pmdtj g(t)eI "% it . There is no need to memorize this formula, just learn the

general procedure.

Steps in solving a first order linear equation using an integrating factor:

1. Put the equation in standard form % +p(t)y =g(t)

2. Compute the integrating factor 4(t) = eI pot

3. Solve the equation( ,Uy)' = Ug .

Example 4: Solving a first order linear differential equation

Solvetd—y—y =r.
dt



Example 5: Solving a first order linear differential equation

Solve the initial value problem% =y+cosx, y(0)=0.
x



It is not always possible to integrate the right-hand side of eI pod y= g(t)eI "% gt when
ysp g g

solving. In the case of an initial value problem with y(#,) = y,, we can take a definite

integral from ¢, to ¢.

Example 6: Solving a first order linear differential equation

o dy 1
Solve the initial value problem—+y=——_ y(2)=3.
p AR y(2)



Mathematica Commands: Direction Field and Integral Curves for )’ =y +2¢

<<G aphi cs Pl otField vf=PlotVectorField[{1, 2t +y},{t, 2,1}, {y,
4, 6}, Axes-Aut omat i ¢, HeadLengt h-0, Aspect Rati 0-»1/ Gol denRat i o,
Di spl ayFuncti on-$Di spl ayFuncti on];

(Y[t] > -2 (1+t)}},
(y[t]->-2+e -2t}), ({y[t]>2(-1+e' -t)}3,
(y[t]—>-2+3e -2t}}, {{y[t] 2 (-1+2€' -t)}}}

sol s=Tabl e[ DSol ve[ {y' [t] =y[t] +2*t, y[O0] =k}, y[t], t],{K, 2,2}]
- - — - - - . . - 6, / / s / /
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Do[g[k]=Plot[sols[[k,1,1,2]],{t,-

2,1}, Pl ot Range-Al | , Di spl ayFunction-ldentity], {k, 1,5} ]

Show g[ 1] ,9[2],9[3],9[4],9[5], vf, Di spl ayFuncti on-$Di spl ayFu
nction];
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Note: This Mathematica notebook is on the website.



