Practice Exam 2 Differential Equations

1. Solvetheinitia value problem: 43" — 8y' + 3y = 0,y(0) = 2,¢'(0) = %

2. Show that y,(t) = t"* and y,(t) = t ' form afundamental set of solutions of the
equation: 2t°y” + 3ty' —y =0, t> 0.

3. Find the general solutionof 4" + 4" +4 =0.

Find the general solution of 4" — 3y’ — 4y = 2sint

5. Solvetheinitia value problem y*) —y =0,

>

(0) = £.5/(0) = ~4,y"(0) = -4/"(0) = -2,

6. Solve the Euler- Cauchy equation % — %% + t%y = 0 by assuming the solution has the
form y = t™ and substituting into the differential equation.

7. Find aparticular solution of i‘g + l@ — i?y = COoST

dx rdx x

- . . . d’ d
8. Usevariation of parameters to find a particular solution of Qd_tg + Qd—gg +y= Jt.

9. Find aparticular solution of 3" —y = % using reduction of order and the
o

—t !
€

fact that y(¢) = €'isasolution of the homogeneous equation..

dx
— =2x+ 3y
10. Solve the system of linear differential equations Cg in two different ways:
Y
—~ =9 +
a0
a) By using elimination
b) By using eigenvalues and eigenvectors
dv _ _
11. Solve the system of linear differential equations ddt in two different ways:
Wyy

a) By using elimination
b) By using eigenvalues and eigenvectors

12. Solve theinitial value problem: y” + 4y’ + 5y = 8sinx,y(0) = 0,5'(0) = 0
. o d* dg 1
13. The charge g on the capacitor in an RCL circuit is given byLd—tg + Rd_Ct] + Eq =V(t).
Supposes a given circuit contains aresistance of 10 ochms, an inductance of 10" henry, and a
capacitance of 10~° farad. Find the steady state complex charge if the impressed voltageis
v, coswt . (Hint: Instead of using the cosine function, use the complex voltage

V(t) = v,e™ , where j = V—1)



Solutions

10.

11.

12.

13.

lsy 5 ¢
t)=——e’? +—¢€”
ylt) = —3 5

Show they satisfy the equation then show that W (y,,y,) = —gt% =0if t>0.

y(t) = clef% cos(? t) + 026*% Sin(? £)

! —isint +icost

y (t)=ce +ce”
7t 1 .
y(t) = 3e +§COSt —sint

y(t) = C1t2 + 6l

h

t t
y,(t) = l[—2ﬁe% sin %] e /2 cos [%]] + [Qﬁe% cos %] e /2 sin %]‘
y,(t) = —%et — i(et +e')n(l+e™)

z(t) = ce”" + 3e,e’
y(t) = —ce”’ +2c,e™

or
y(t) = ce”’ + e

2x . .
“sinx +sinx — coszx

2
—R [ﬂ] Y ltfollowsthat if
i LC

y(z)=e " cosz +e
q,(t) = ce™ + c,e™ where ), = oL
R = 0theng,(t) —» Oast — co.Try ¢, (t) = Ae’™, then
v()

T e’ and the steady-state complex chargeis
== LwQJ + jRw

C

q,(t) = [

Yy ot

10° —10*w*) 4 10w

Q(t) - (



Solutions:

1.

N

5.

Solvetheinitial value problem: 4y” — 8y’ + 3y = 0,%(0) = 2,%'(0) =

N | =

Solution: The equation is homogeneous and has characteristic equation
4N —8X +3 =0 or (2\ — 3)(2\ — 1) = 0. This has solutions two distinct

. 1 _ , /
solutions\,, = 2,5 . The general solution has the formy(t) = cle% + 026% . The

initial condition that y(0) = 2 impliesthat ¢, + ¢, = 2. Now,

, 1 . 1. .
y'(t) = gcle% + §CQe%sothe condition that '(0) = 5 implies that

1 1 : : . .
Ecl + 502 =3 or3c, + ¢, =1 . Solving this system of equationsfor ¢, and c, gives

¢ = 1 and ¢, = > . Then, the particular solution is y(t) = —le% +§e%
2 2 2 2

See note above.
Find the general solution of y” + ' +y = 0.

Solution: The equation has characteristic equation A*> + A +1 = 0. Thishas
1,3

complex conjugate solutions \,, = —— + — . The genera solution has the
1,2 2 2

formy(t) = cle_% cos [?t] + 626_% sin [gt

Find the general solution of y” — 3y’ — 4y = 2sint
Solution: First, solve the homogeneous equation which has characteristic equation
A — 3\ —4 = 0. Thisequation has solutions\,, = —1,4, so the complementary
solutionisy, (t) = ce" + c,e . Since the forcing function is f(¢) = 2sin t we guess
that the particular solution is of the formy, () = Acost + Bsint . Thisfunction has
derivatives y/(t) = —Asint + Bcostandy!(t) = —Acost — Bsin ¢. Substituting
into the original egquation, we have
y" — 3y’ — 4y = 2sint
—Acost — Bsint — 3(—Asint + Bcost) —4(Acost + Bsint) = 2sint
—Acost — Bsint + 3Asint —3Bcost —4Acost —4Bsint = 2sint
(—5A —3B)cost + (—5B + 3A4)sint = 2sint

—HA—3B=0
Thisresultsin the system of equations: 34— 5B — 9 for the coefficients. This

has solutions A = % andB = I—? The general solution is

) 3 5
D=y ) +y t)=ce" +ce ' +—cost ——sint
y() y(’() yp() 1 2 17 17
dnd



o

dnd
7. Solution: Thisisa Cauchy-Euler equation. If welet y = ™ and substitute into the

original equation, we find that m = +1. So the complementary solution is of the form
y.(z) = ¢,z + ¢,z . Tofind the second solution using variation of parameters , we
seek asolution of theform y (¢) = vy, + v,y, where v,,v, are found using

0 v v 0
O W A0 _ .
v, = - and v, = - . Thetwo functions y, = xzand y, = =~ have
0 0 z!
9 f@) w| |cosz -z 4
Wronskian W (y,,y,) = —=. Then, v = T 2 = cosT and
T Tz
Y, 0 T 0
/ yl f(t) |1 cosz 2

: . 1
D = = ——cos z. Integrating, we find that v, = —sin z and
> W —3/ 5 egrating 1T
2
v, =|1— %J sinz — z cos z . The particular solution istherefore

1 . ) . 1
yp(t):vly1+112y2:5x81nx+ 1——|sinz —xcosz|x

=2 'sinz —cosz.
The general solutioniis y(z) = y.(z) + y,(z) = ¢ + ;e + 27 sinz — cos .
2
8. Usevariation of parameters to find a particular solution of 2% + 2% +y=A/t.

Solution: Begin by finding the solutions of the homogeneous (complementary) equation:
2
2% + 2% + 1y = 0. This has the characteristic equation 2\* +2\ +1=0 or
1

A+ X+ 1_ 0. This has the two complex conjugate solutions A, = —3 + éz . Thetwo

1

and y,(f) = ¢ ? sin [%] . Their Wronskian is

,l/[ t
solutionsare y,(t) = e 2 cos [5




= left cos’ [i] + left sin’ [2] = left [COS2 [i] + sin’ [i]] = le’t .
2 2 2 2 2 2 2 2

The solution we seek is of theform y, (t) = vy, + v,y, where v, v, are found using

0y Y 0
VIO 7)) _ .
v, = —— and v, = ——— . Inthiscase, these are given by
1
0 e 2 sin(t)
2
1 1
Jt e 2 cos(é)—le 2 sin 2) 1, ; 1, ;
v = i = —2¢' [te 2 sin[—] = —2./te? sin [—] , and
L 2 2
1
e 2 cos (t) 0
2
1 1
i e KO
v, = 1 = 2¢'Jte * cos {— = 2.Jte? cos [—]
L 2 2
2
Now write the answer in terms of integrals.
dx
_= —Z
11. Solve the system of linear differential equations ddt in two different ways:
Y _
dt

Solution:
Using elimination:
Solve the second equation for x: z = ¢’ + y then take the derivativeto getz’ = 4" + 3.
Substitute both of these into the first equation to get
o _
dt
y' +y' =—y' —y

y//+2y/+y:0
This last equation has characteristic equation A* +2X +1= (A +1)’ = 0. Thishasone
(double) root A = —1.S0 y(t) = ¢,e”" + c,te . Inorder to find z(t) , we take the
derivativeof y, y'(t) = —ce ' + e’ — e, and usethefact that z =y + y:



r=y +y=—ce' +ce' —cte' +ce’ +ete! =ce’. Sothesolutionis:

z(t) ce’
x(t) = =
® y(t) ce ' +ete!
Using eigenvalues and eigenvectors:
—1 0 —1-A 0
The associated matrix is A = 4 It followsthat (A — \I) = . Ll

This has characteristic equation (—1 — \)* = 0, sothereisasingle eigenvalues A\ = —1.
The eigenvector corresponding to thisis given by the matrix

0 Olv 0
equation(A +1I)v, = 1 0 Ul =10l It followsthat v, = 0 and we can choose v, = 1.
1
0 0
The eigenvector correspondingtol = —1 is v, = 1 . Thefirst solution is x,(t) = 1 e’

Next, we seek a second solution of the form x,(¢) = (v,¢ + v,)e ". Tofind v, we solve

0 Ol 0
the equation (A +1I)v, = v;: e ,Ul = . Thisyields v, =1 and we choose v, = 0.
1
With these choices, the second solution has the form
t 0 1 t

x,(t) = (vit +v,)e " = 1 t+ 0 e .

The genera solution isthen
0] 0 1)) ce’

X, () + 6x,(t) = ¢ e el t+ olle” = el tote




