Reduction of Order
2
When solving an equation of the form a% + b% + cy = 0 sometimes the

characteristic equation will have only one root. Thiswill give us asingle solution of the

forme™ . We must find a second solution. The method of reduction of order developed by
D’ Alembert allows us to find the other needed solution.

We assume the solution has the formy(t) = v(t)e" , substitute into the original equation,
and solve for v(t)

|Examp|e 1: Repeated Roots and Reduction of Order

Solvey” + 4y’ +4y =0.

Solution: The characteristic equationis\”> + 4\ + 4 = 0. This equation has the double
root\ = —2. Thisgives usone solutiony, (t) = e *'. The method of reduction of order

requires us to make a guess for the second solution in the formy, (t) = v(t)e ™.

Taking derivatives, we havey,’(t) = v'(t) (e ™) — 2v(t) (e ),

and
"

y, (8)=0"(t)(e*) —4v'(t) (e ™) + du(t) (e )
Substituting these into the original equation, we have
y" + 4y +4y =0
o'()(e) = 40'(t) () + 4u(t) (e ) + A1) (€)= w(t)(2¢ )] + 4[v(t)e ] = 0
V(t)(e) = ' (t) (e ) + du(t) () + 40" (1) () — Su(t) (e ) + du(t) (e ) =0
0" (t) — 4v'(t) + 4u(t) + 40'(t) — 8v(t) + dv(t) = 0

v"(t) =0

Inthiscase, v"(t) = 0= v'(t) = ¢,,and v'(t) = ¢, = v(t) = ¢t +¢,.

Therefore, the solution has the formy(t) = c¢;te ™ + c,e* . A check of the Wronskian
shows that these solutions are linearly independent.



Reduction of Order can also be used to find a second solution of an equation if oneis
known.

|Examp|e 2: Using Reduction of Order

2.1

Use the method of reduction of order to find a second solution of t*y” + 3ty’ +vy =0,
t>0,given y,(t) =t " isasolution.



Example 2: Using Reduction of Order

Use the method of reduction of order to find a second solution of t*y” + 3ty’ +y =0,
t>0,given y,(t) =t "' isasolution.

Solution: We assume the solution has the formy(t) = vt~ . Next, we take first and second
derivatives:

y' = v(—t”) +u'tT =t — ot
y// _ U’(—f?) + U(2t73> Wt !

="t =2t 4+ 20t

Next, we substitute these into the original equationt®y” + 3ty’ +y = 0.
(vt =20t 2007 )+ Bt (vt — 0t )+ ot =0
t" — 20" +2t7 v+ 30 =3t + ot =0
"+ =0

If we make the change of variablesw = v’, sothat w’ = v”, then and the equation
becomes
1
w' + ;w =0

This separable equation has solution w = % or v = %.Then,

v(t):f%dtzlnt.

Therefore, y(t) = vt ' =t 'Int .



