Variation of Parameters

We now consider a more general way of solving differential equations of the form

d’y |, dy
a—=+b—=+4cy= f(t
dt* dt y =/

Suppose we have already found the complementary solution of the related homogeneous

equation is ay” + by’ + cy = 0, given by:

Y.(8) = 9, (8) + e, (8).

In order to find a second solution to the differential equation, this method requires us to
replace the constants (parameters) c,,c, with unknown functions v, (t),,(t). With this

choice our guess for a particular solution will be of the form
Y, =0y t0Y,.

Differentiation yields

Yy =(U1 Y T, ?/2)"'(“13/1 + 09, )

Since v,(t) and v,(t)are arbitrary, we may impose two conditions on them. First, we will
choose to make y,a solution of the differential equation; the second condition is chosen

to make our work easier. We will choose to let
(vly1+1)2 y2)=0. (0.1)

Then

4 ” ”

’ ’ ’ ’
Yy =0 Y TURY, Ty 0y,

Substituting into the differential equation, we get
a(”l Y Ty, Uy + %Y, j + b(Ulyl T Uy, ) + C(Ulyl + UQyQ) = f(t)
This can be rearranged to show that

v (ayl +by, + cylj + 0, (ayz +by, + cygj ra(uy +uy) = 1), (02)



Since y, and y, are solutions of the complementary equation, we know that

ay, + byl, + cy, = 0 and thatay, + by; + ¢y, = 0, so equation (0.2) is reduced to

a (Ul,yl, + UQ,?/Q,) = f(1). (0.3)

The resulting system of equations (0.1)and (0.3)can now be solved for Ul,(t) and 1)2,(25) .
We may then be able to find v,(z)and v,(z) directly using integration.

The system of equations (vl,yl + 1}2’3/2) =0 and a (vl,yl, + UQ’yQ’) = f(t)

can be solved using Cramer’s rule (here I assume a =1):
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Example 1: Using variation of parameters

, T T .
Solve y" +y =tanz, —5 <z< 5 using variation of parameters

Solution: First solve the related homogeneous equation y” +y = 0. The characteristic

equation is 4> +1 = 0. Which has roots A = +i. Therefore, the complementary solution

. 3 . . ’ .
is y. =ccosr+c,sinx. With  y, =coszand y, =sinz, we have y = —sinzand

yQ’ = cosz . The equations above are then

0 sinz
. . 2 2
, |tanz cosZ|  _gingtana —sin“z  cos x—1
v = - = =- = =cosx —secz, and ,
COST sInT 1 COS T cos
—sinx Ccoszx
COS X 0
’ siny  tanz cosrztanz .
v, = _ = =sinz
cosz sinz 1

—sinz cosz



Integrating to solve for v (z)and v,(z), we have
jvl(x)dx = I(cosx —secx)dzr = sinz — In|sec z + tan z|
IUQ(x)dx = J-Sin 2dr = —COS X .
Therefore,
Y, =0y, + 0y, = (sinz —In|secz + tan z|) cosz + (—cos z)sin x
= —coszIn|secx + tan x|,

and the general solution is

y(z) =y, +y, =c cosT +c,sinz —coszlnlsecx + tan z

|Examp|e 2: Using variation of parameters

T
Solve 3"+ 9y =9sec’ 3z, 0 <z < E using variation of parameters

Y, = ¢ cos3z +¢,sin3z, y, = —sec 3z cos 3z + In|sec 3z + tan 3z|sin 3z



|Examp|e 3: Using variation of parameters

Solvey” + 4y + 4y = ¢, x > 0 using variation of parameters

-2z -2 . -2 .
y, =—e (Inz—1)or —e“Inxsince e " appears in ¥,



